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A description is given of a simple procedure for determining the signs and the absolute values of the 
structure factors of a pair of isomorphous crystals when only relative values of the structure ampli- 
tudes are known. 

1. Introduction 

Isomorphous-replacement methods (Lipson & Cochran, 
1953; Robertson, 1953) have been successfully ap- 
plied in the determination of many different kinds of 
crystal structures. They have the particular merit that  
they do not require the use of initial assumptions about 
the stereochemistry of the structure, and they are 
especially valuable, therefore, when the structure is 
very complex or of an unusual type. 

Absolute values of the structure amplitudes are 
usually needed in isomorphous-replacement methods. 
For most structures it is unlikely that  the statistical 
method of Wilson (1942) for placing relative intensities 
on an absolute scale will be sufficiently accurate; and 
facilities for measuring absolute intensities experimen- 
tally, such as those used by Robertson (1936), are not 
always readily available. This paper describes a method 
of applying the isomorphous-replacement technique 
which can be used when only relative values of the 
structure amplitudes are known. A brief account of 
the method has been given by Lipson & Cochran 
(1953). Besides enabling the phases of the structure 
factors to be determined it may also be used to place 
the structure amplitudes on an absolute scale and to 
derive a vaiue for the constant B in the temperature 
factor exp ( - B  sin e 0/he). Isomorphous-replacement 
methods are less powerful and more complicated when 
the structures examined are non-centrosymmetric 
(Bokhoven, Schoone & Bijvoet, 1951; Harker, 1956), 
and the method discussed here can be applied to cen- 
trosymmetric structures only. 

2. Theory  and method  

The structure factors of an isomorphous pair of centro- 
symmetric crystals A and B can be written as 
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F=t (hkl) = .2: fi, cos 2~z (hx~ + Icy,,+ lz,,) 
n = l  
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M 
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in the usual notation, (xm, ym, Zm) being the para- 
meters of the replaceable atoms and (x~, y,, z~) those 
of the remaining atoms. I t  is assumed that correspond- 
ing atoms have identical parameters in the two 
cr3istals. Usually the M replaceable atoms occupy 
equivalent positions in the unit cell and the summa- 

M 
tion • cos 2g(hxm+ky~+lz~) may be substituted 

m ~ l  

by an expression giving the combined scattering from 
the set of replaceable atoms (International Tables for 
X-ray Crystallography, 1952). 

Combining equations (1) and (2), we have 

F a (hkl ) -  F B(hkl) 
M 

= .~, (fA--fB) COS 2~(hxm+kym+lz~).  (3) 
m ~ l  

The scales of the experiment;ally observed structure 
amplitudes F'a (hkl) and F'~(~kl) are related to the ab- 
solute scale by constants C~ and CB with magnitudes 
given by F a (hkl) = CA F'a (hkl) and F~ (hkl) = CBF'B(hkl). 
Assuming that the ten~erature factors are the same 
for both crystals then fa  -- {fo}a exp ( - B  sin 2 0/22) 
and fB = {fo}B exp ( - B  sin 2 0/~), where {f0}a and 
{f0}B are the scattering factors at absolute zero. 
Equation (3) may now be re-written as 

M 
Ca F'a (hkl)-eBF's(hkl)  = .~, ({fo)a-{fo}B) 

m-~ l 

× cos 2:~ (hx~+kym+lzm)exp ( - B  sin s 0/2 e) 

o r  

p(hkl) = CB p(h/d) +exp ( - B  sin ~ Olaf), 
(4) 

where 
3 /  

p(hkl) = ~ ({f0)a-{f0}B) cos 2g(hx~÷kym+lzm) (5) 
m ~ l  
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is a quant i ty  which can be calculated for each reflexion 
hkl providing the parameters of the replaceable atoms 

• are known. The determination of the positions of the 
replaceable atoms is an essential preliminary to all 
isomorphous-replacement methods but it is a relatively 
simple problem when the replaceable atoms are heavy 
in one of the isomorphous pair of crystals. 

For reflexions within a small range of 0 the exponen- 
tial term in equation (4) will be almost constant and 
a plot of F'~(hkl)/p(hkl) against F'B(hkl)/p(hkl) will be 
linear. If fa  > fB then the plotted points will lie on 
a line such as PS in Fig. 1. In practice the points will 
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Fig. 1. The principle of the graphical method for determining 
the signs of F~ and F~. 

have an appreciable scatter about PS because of 
errors in the experimental data. 

The first step is to plot [F'~/pl against IF'~/pl since 
the signs of F~ and F~ are unknown. Reflexions for 
which both F'~/p and F'z/p are positive will then lie 
on the portion RS of the straight line PS; those for 
which both .F'A/p and .F'B/p are negative will lie on 
TU, a straight line parallel to PS; those for which 
F'A/p is positive and F'B/p negative will lie on a 
straight line RT which has a slope numerically equal 
to that  of PS but opposite in sign; there are no re- 
flexions for which F'a/p is negative and F'~/p positive; 
this condition follows from the assumption fa > lB. 
The most satisfactory way of determining the correct 
signs for F~ and F~ is to change the signs of F'A/p 
and F'~/p until all the plotted points lie on PS. The 
signs of p are known and therefore the signs of F~, 

t and FB can be deduced immediately. 
A separate graph is drawn for each of the ranges of 

0 into which the structure factors have been divided. 
The unknown structure can then be determined 
directly by computing a Fourier synthesis in which 
the coefficients F~ or F~ have the graphically deter- 
mined signs. 

A simple extension gives values for ~he temperature 

ACIO 

factor and the constants required to place the ob- 
served structure factors on the absolute scale. If the 
straight line PS cuts the axes of the graph (Fig. 1) 
with intercepts RO = V~ and OQ = Ws, where 0 is 
the average value of 0 over the range covered by the 
graph, then from equation (4) 

Ca. Vb = exp ( - B  sin e 0/2 e) 
and 

0 = CB. W~+exp ( - B  sin e 0/22) . 

The constants Ca, Ca and B are deduced from plots 
of log VO and log W~ against sin e 0. I t  is sufficient to 
determine V~ and W~ for reflexions of small 0 if only 
Ca and Ca are required; the exponential term can 
then be taken as uni ty  or estimated more exactly 
(i) by assuming a value for B of the order of magnitude 
expected for the structure under examination or (if) 
by Wilson's method. 

3. Appl ica t ion  of the m e t h o d  

The method described in § 2 has been used in the 
determination of the structure of zinc p-toluene sul- 
phonate hexahydrate,  (CHa.CsH 4.S03) e.Zn.6HeO, 
(Hargreaves, 1957), which is isomorphous with mag- 
nesium p-toluene sulphonate hexahydrate.  For these 
materials the space group is P21/n and there are two 
formula units in the unit cell; the replaceable atoms 
(zinc and magnesium) therefore lie in special positions 
at the symmetry  centres (0, 0, 0) and (1, ~, ½) and the 
trigonometrical factor in equation (5) becomes uni ty  
for all hO1 reflexions. There are two replaceable atoms 
in each unit cell and equation (5) may now be written 
as 

J 0 s ~ g )  • 

Fig. 2(a) gives a plot of Fzn/p against F~rg/p for all 
observed hO1 reflexions over the range sin0=0.0-0.4;  
points for which either Fzn/p or FMg/p is negative 
were initially plotted in the positive quadrant  of 
Fig. 2(a) at positions indicated by crosses. I t  can be 
seen that  there is no difficulty in deducing the correct 
signs for each pair of structure fact9rs; for 20 pairs 
both signs are positive and for 9 pairs both are nega- 
tive whilst for the 10,0,0 reflexions Fzn is positive 
and FMg negative. 

In Fig. 2(b) 2'z~ is plotted against F;~¢ for the 
reflexions shown in Fig. 2 (a). The scatter of the points 
about P'S' in Fig. 2(b) is not much greater than that  
about PS in Fig. 2(a) in spite of the variation in p from 
36 to 25 over the range sin 0 = 0.0-0.4. I t  is clear that  
the signs of Fz .  and FMg can be determined just as 
easily from Fig. 2(b). The signs of the other structure 
factors F(hO1)were therefore determined simply by 
plotting F '  z~ against F~g for five more ranges of sin 0. 
Sign determinations from Fzn-F~rg plots are only 
possible, of course, because the replaceable atoms oc- 
cupy special positions for which the trigonometrical 
part  of p is constant. 

The structure of the zinc salt was determined from 
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a :Fourier synthesis which included all of the 165 
observable reflexions. On calculating F(hO1), using the 
atomic positions deduced from the electron-density 
map  (Hargreaves__~, 1957), it  was found tha t  with the 
exception of F(18,0,2) their  signs agreed with those 
determined by  the graphical  method. The one error 
in sign arose because none of the photographs of the 
magnes ium salt was as dense as the most dense photo- 
graph of the zinc salt. The 18,0,2 reflexion is so weak 
tha t  i t  was only just__observable in the densest fi lm 
of the zinc salt ;  F(18,0,2) should be more strongly 
negative for the magnesium salt t han  for the zinc salt, 
which has a negative calculated value, but  in fact the 
1-8,0,2 reflexion was not  observed at all in the less 
dense magnes ium photographs. 

The exper imental  values of F(hO1) were deduced by 
visual est imation of the intensities of reflexions re- 
corded on mult iple-f i lm Weissenberg photographs.  The 
usual  precautions were taken to obtain rehable inten- 
sities for the zinc salt  since its structure was required;  
about  half a dozen reflexions were scarcely visible in 
the photographs, however, and their  es t imated inten- 
sities are subject  to large error. :For the magnesium 
salt  the in tensi ty  of each reflexion was est imated once 

only, and the size and shape of the crystal  specimen 
were such tha t  up to 25 % variation can be expected 
in the absorption factor for different reflexions at  a 
given Bragg angle. Errors in the intensit ies are par t ly  
responsible for the scatter of the plotted points about  
PS in Fig. 2 (a). The correct determinat ion of the signs 
of the structure factors for the zinc and magnes ium 
salts shows tha t  the isomorphous-replacement method 
can be successfully applied with relat ively crude 
measurements  of intensity.  

In  the example  discussed here the replaceable atoms 
are in special positions and make the m a x i m u m  pos- 
sible contr ibut ion to all reflexions. When  the replace- 
able atoms are in general positions it will not usual ly 
be possible to determine the correct signs graphical ly  
for all the structure factors; the errors in plott ing will 
become too large when the replaceable atoms make  
very small  contributions to the scattering, i.e. for 
reflexions with small  values of p(hkl); also the errors 
introduced by assuming tha t  the atomic co-ordinates 
are exact ly  the same in the two structures become 
more impor tan t  and m a y  considerably reduce the 
proportion of high-angle reflexions which can be given 
the correct signs. 
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Fig. 2. (a) Determination of the signs of the structure factors of zinc p-toluene sulphonate hexahydrate for hO1 reflexions with 
values of sin 0 ranging from 0"0 to 0.4. (b) Simplified method of determining the signs of the structure factors shown in (a) 
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The Structure of BaBOF3 
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With the help of Lipson's method, BaBOF 3 was shown to be orthorhombic with a --~ 8.78±0.03, 
b ---- 5-41±0.02, c = 7.16±0.02/~. On the basis of the space group Pnma, the structure was worked 
out and is discussed in detail. 

I n t r o d u c t i o n  

The spacings and sin 2 0 values of B a B O F  a, obtained 
in powder form by  Roy  (1955), were calculated from 
the  powder pat terns  taken with Cu K ~  radiation. As 
the substance was found, by  the application of the 
method  of Hesse (1948), not  to belong to the cubic, 
te tragonal  or hexagonal  systems, Lipson's  method 
(1949) for orthorhombic systems was tried and used 
successfully. 

For orthorhombic crystals sin 2 0 = Ahe+Bk2+Cl% 
I t  was shown by  Lipson tha t  if sin ~ 0100= A, sin e 001o= B 
and sin 2 0001 = C then  in general, 

sine 01kz-s ine 00kt = sin 9 01o0; 

and  s imilar ly  for the constants B and C. Here A 
occurs as differences between the sin e 0 values pro- 
vided the h values differ by uni ty  and the kl values 
for the two lines are the same. 

To f ind such differences in BaBOFa, the diagram- 
mat ic  method described by  Lipson (1949) was used. 
F rom the plot the possible values deduced were A = 
0-0077, B=0.02031 and C=0.0116. Since A=~2/4a ~, 
a = 8.78+0.03 /~ (~(Cu K ~ ) =  1.5418 /~); similarly,  
b = 5.41±0.02 /~ and c = 7.16±0.02 A. The possible 
space group, after indexing of all lines, is Pnma. The 
calculated density,  Dx, is 4.27 g.cm. -3 and the ob- 
'served density, Din, is 4.25 g.cm. -3. The number  of 
molecules per uni t  cell is 4. 

ing 8 F atoms in general positions, and 4 Ba, 4 B, 4 F, 
and 4 0 atoms in special positions, the following atomic 
coordinates were derived after match ing  fair ly  the 
observed and  calculated in tens i ty  of each line: 

4 B a i n  4(c) with x =  0-182, y = 0 . 2 5 ,  z = 0 . 1 6 2 .  

4B in 4(c) with x =  0-069, y = 0 . 2 5 ,  z = 0 . 6 9 5 .  

4FI  in 4(c) with x = -0"072, y = 0.25, z = 0.595. 

4 0  in 4(c) with x =  0.191, y = 0 . 2 5 ,  z = 0 - 5 6 2 .  

8 F n i n  8(d) with x = 0.080, y = 0.042, z = 0.816. 

If  the positions of F I and O were interchanged,  a 
fair  discrepancy in the observed and calculated inten- 
sities of some impor tan t  lines was observed. On the 
basis of the above coordinates the in tens i ty  of each 
line was calculated. For  each calculated intensity,  the  
polarization factor, mul t ip l ic i ty  factor and absorption 
factor were taken into account. The absorption factor 
was calculated in the manner  given in the Internationale 
Tabellen (1935). No correction was made,  however, for 
the tempera ture  factor. The values of sin e 0o, sin e 0c, 
Io, Ic and the spacings are given in Table 1, in which 
some of the unobserved lines (such as 101, 121, 013, 
200) are included to jus t i fy  the correctness of the 
coordinates derived. Owing to heavy  background 
scattering at low angles, the 101 and 200 reflexions, 
being very weak, were masked and could not be mea- 
sured. The calculated d values of all the  above un- 
observed lines are included in the table. 

A t o m i c  c o o r d i n a t e s  

On the basis of the space group Pnma, and taking 
into consideration similar  structures like BaSO 4 
(James, 1925) and KMnOa (Mooney, 1931), and plac- 

D i s c u s s i o n  of  the  s t r u c t u r e  

The uni t  cell of the orthorhombic structure found for 
B a B O F  a, projected on its b face, is shown in Fig. 1. 
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